Lecj(ures on Symplecjcic Geomejwj

reyerence : ))y Cahr\es c{a gi)va. 2017 Fall

¢ Introduction.
Def. w e (*(M)  Symplectic
i (1) non-degen. TuM —£>=> TuM [0 order]
Q) indegrable  dw = o [ 1% order)

Compare w/ Gamp’e% thal :
(DL TM—TM, =il (2 HM.1) =€)
(2) M=o (= (M, 3) (€, Tew))

Eg MZ=TX, an =-ddt =dg 1dp (d=pda)
ol EQ(T‘/D (18 exad: sx/lmpl S'lfT

N apen s vl —\*x ;
(peTM

> g p) (V)= P ('mv)
-ﬁ;x TgX

Ih loc. coord. X 2(9q%-, 4" = pidq + .- +podg” C—:T:X

~ loc. coord. M 2(9.--,9", P, Pn)
:> O{ - ; P5 O‘?f (ino\.ep. 053 coord.).

(L = quSA dP{)‘



Linear

(1) 0 non-degen. &= (ThM,00.) = (TR, )

@ dw=0 & (MwZ (TR, )
Danboux's thm. (prove latev

DeJC. Lﬂ — (MQY\)W) )_agmn@\;arx
é &)IL =0
Dosbou £ open nbd. in M .
S (LeU,w) =(L=TL,Wan)
(H) Linear Symplecjt{c Geomejcry

GLOVY Vo V' = Syn2V ¢ AV for VER”

9 )

1
.+ Jbasis ¢t 8(\/,\/): \f‘( P-l.EL )\f
Ov

GLOW-orbits €= (p. 4, e Nw ptgtv =m
Non- ole_taen. &= Y= 0
Pos.deffmjce & p=m (ci:v:o)

{pos.olef.jon\/} =~ GLmM.RY /0O ()

@,
.+ 3 basis <t (,o(v,\/)::\ﬁ( (1), jv
)

GL(V)-orbits €= n=o0,1,--,1%]
{S\/mpl.won\/} = GL(QV\,m)/SP(QV\,m)

m=2an

Splan, Ry= Aut (R™, cosa) , @eta=( 5 %)

. gp(”‘/ [R)E—_X_' { (/é _E’\T) r B=8T C=CT}7 dim=n(an+1)

o, ﬂondeaen_ 4’3——> W' # o e/\Qn\/* ~ KR
v Splan.R) < SL@an.R)



8 Linear Subspaces
V= R Aut(V) = GLm,R)
C (v, V): {rd.m linean su})sp )C\/}

Aut (V) wa(f N Yvansitive (C;V\Q beb:xst:ndi t??R’”)

S,
~ At(\) _ GLIm)
= Ge(n D E SR RGH]

O om-v)

Q(ix o metvic )

on \V

rTau)CO\Ogico] Lunc\\e

R=S < 4
! |
[S] = Grr V)

o—e/J—ﬁRT ——)@-—»o /GY(T)V)
(trivial bd1)

Tér = Hom(d.Q) |
w — Hom )
- Jec =

Similan Jor _complex case:
(\/,j> = (" 1) m=an
v (Qre (k,n) = Gy (2k.2n)
JS =S
i, involution T5 Cv(ak,gm?, %(S)=JS

Hnev\ Grqg GV




Symplectic case (V, 00) = (R Zdxdw)
S ¢V wo Sy mv.Sr=o} <V
dimS + dm S = dim V
- (s™%) =S

te. involubion: To s LLGr(v.2n) — 11 Gr(r.2n)

0u(S) = S (or=id)

What s (J;L Gr(%‘,znﬂ%:i Lag@w(\/,w)?

oo ®{a,m3:;dlmv

wlg =
Ld%YO\\/\ngV\ S(AESPQCE,

On (V,w), T:V?2, T=-id
called Compa{(\o)e

— (\/, j, ﬂ; Lt)) — (@Y‘ 1’,< >5%A,Cos’rd>
where (T U, V) = o, V)

A
= % >9 4 Hemitian (Q(JM V)= ‘j(LA,\/))
(J[ame 1'3C only g >0 )

EX'— G(\/en Compa)r. J on (V,w)
S <V loagr &V =887S

ie. S is a T‘ea‘ st on (VJ)



Ex. S < (V,w)
(/O»S =0 (Caneo\ 7’so)CroPic>
& S <= S

n \ v n
o VERT A e
(e std. form) S

= dimS ¢ 7\\ dim V

So, Lagv. are biggesjt su]osp. whene w]g: o

4 dmS = n+l = ole # 0
the best PosxiHe is g =0

S
<:—_> l’)(‘l-;-*fxy”'&n;:-”y{--‘\/n
g

— S—Lw <= S (c@”e& Coisohopfc)

/\/amely, S < (\/ W) CoisOJCropic
A S L _
&~ § < S (¢:> S fso%ropm) > dimS - };’FT

7

= (A)H-\ )S — 0
Note dimS=n+r = W lg#o0

/\/avnely, COfSO)Cropic Cov fso{ropic) are Subsyaces

ffov wlm'cl« w]s 15 QS de(jcnena%e as POSS\‘He.



gXQW\PleS DJ‘ lagrangian SU‘DY)’IJCAS n T*X/(/\)Cav\
0) X, T.X &= TX

Logr.
o-seckion, fibens.

(,l) O< = Q%X) Groph(d) TX
M—> GYQP%(CX} CT*X , (can :

. Graph(d) Lagr & dd =00
Pl d =T o dd
= Graph()={ py= ol; (%) , 3=1.n]

S T'X = Zdpsad
o= 2 2 ndo =2 (3 5 A )

C\)Ca

B wk
"5:5( 2% ) dadn® = ol

(2) Conormal bundles
submid. S < ><

> o—»TS—ﬁTX\S_)/\/g/X’_';O
m—> o—e/\/s-)/éx‘_'> _T%X]S_—)T*S_)o
\
(Ex.) Lag\f“\ _TQ‘X
Osel:V\

eg. S=X = Nx= X <= TX
eq S={x} = ;‘,X:T:xf_f: TX



We Cou)o‘ J(aLe S to be open Subsejcs,
eg. TR

t—_—JNQR J
’ Comloininﬁ (1) 4 (2>

{ S = X closed submid.
&EQ\(S> w/ do =0

=> Mi+d < TX

Laaﬁ

£ (M7 ) — (M), )
= Gvap‘h(f) = MM, w -,

agw

L _
S-*O‘)’l = ) — Grapl/\(f) — M.~M,
(eq SymplecjcomoVP\f\isms)

Laﬂ\"awgiam corry e_spomc)e\/\ce.

Lagy
K= (M, ) (Mg, 00)
fo

M,
LOLgT‘ (assume M) Laﬂ'r

= > (ML) n K )<=
(~ Fourier - Muka. TrcmszOTWI >




§ Danboux Type theorems. [Local std. form ]

RM M Qemmamw >
[low t — R=F(-)

Vi __fé(%t) O“:t )
/'/7/;'-‘—5‘;0 Ve = dt © F:I:.

%o
d oo

¥
‘:‘tc\)‘t:wo@l_vtc\)t+dt = 0

(PJ( 345(]:"*6‘)"> - F: Loy + R d?%‘ >

Mosger theorem (M, L) S\/mpl. cpt.
[ (D] ino‘ep_ ay t =3F <t Fjwt =

NO‘['Q‘(MC’DMJq .> [L\)] - [(A))] S\Imlp] Q£> F*é\)’ —y,
Dp-d=d e 3 ueQM) (v frwa=o)
= d(ZUt (A)t) 3 V-gc- Vi ( oy non-degen.)

— af\lt (W (- dwt = 0 )
w
1.0, ivt Dy + % — O
tnjcetjmjce kY,
__/\/"_——"9 F‘l: (/\.)-[: = (/L)o 3 Ft QED.

. S\VYII]GUIIV, 'ig Vo R D) one \/o\ume orms< on )\/\ CP%
SMU‘D - SML)) @ ?EDH(M) w/ (e*)), = Lo



Theorem, X &= M, 0,00 both sympl.

A PEX , (e(Pd = Coy(pd e/\QTP*M

— focaﬂ@ nean X , 3 diffeo. ¢
st. (6*&)::000 ¢ C@’x = id

Take X =1p}, Le have
@ (Dmboux | emma) p € (M, W)
= ]oco“y near p, (MC\)) = (IRQHJ c\)m\),

[%ci Linear a\cj,:> (TPM, ) = (ﬁ?n, LWska)
—H’\m. = locany ﬂ)e same .

Lagr.

Take X:LC M,we have
Cor ( Weinstein) LLé’;—f (M, w)
= ]OCO”}I hearL, (M (/\)> = (T*L y c‘)ca">'

gﬁuiva\em)c, | =M Lagr. wrt o & W,
= 3 71})6{ ¢ ﬁoc. Ai](]ceo. (€ :g—‘fxinﬁ L , .t
Ce* Iy = (o .
Pf o =l = 0 €T (AT
To apply the Hﬂm we need, ¥ pel

(P = .p= o0 e[ (NTmp)



'Picl< any sp]ing TM)L =1L @/\/L/M o{
0 —TL—TMI5S Ny 0
(307 ]oy using any me‘}vic.)

— 3 canon. (TJ\I/}]L CJ°> %(T]]\I/HL ("Ji)

TL 19 TL

D M e,

Num [\/L/y\
(1'.8. id on L )

Yeoson: linean alg. ]

V.e. L@N - (M;(/‘)) w/ L Lagv‘.

= 3 canon, Lagr. N <M
/ '= Aara : ——>L)
)_ @ N — M > N'=G pln(/a‘\AN

A N
ZEN

—
N Lagr
& w(urAu, vy Av) = 0 YV WVEN
oL o (AW, V) colu, Av)+ Wv) — o0

Git (G Lo@r)
o— L —MISN— 0

s 2 spf A=)

| o N e— M| Fe— 0

Fov ]_agr. L<=M wet . and 01 .

WAO’AltN—ﬁL Ao ¥ 2L !
NN e M NS L SN,

d= (;dwjfwo> Lo /\/o}_—> L & N,
- M M




Recall Whitney ext’ thm (Diff Topo.)

Submgcol © %TL — TM)L
V¥ L = M I ve =
o —TL — TMIL

= 3 ¢ €Diff (nbd(L))
g @l =id ¢+ del, =
Hence J(1’\6 Weinsteins result. QED

—

'Pnooaf og[‘ 'H'\mf (Do — Wh on X = M
= (M.e) == (M, w))
v neon 0
L X v

O = (e on X h&ﬁwe} Y\bd(X) (d dwo=o=dw)
= 0, =Wo + dm on mbd(X)

IM W M=0onX

Cor = o + LdM  sympl. on mbd (X),vost <l
vl Ve Ty W = M
inteqrate Ui ~— @70 = cOs i mbd" (X0

( q’njcec_)ra)ce okay gince M =0 onX ). QED,
Remank = sympl. nbd. of isotvopic emb. € sympl. VB,

Symp\. nbal oJC Coiso%ropic 6}')’\5 & Symp]. h)w! o} Zeno. sechlz
*
E/( T X < (M, of E —M



§ )-]ami\Jtonian \/ec%or %e]cls. (J &€ QQ(M)

Symﬂ.
M) Vect (M)
QM) =4 (M) = [(T) <2 ()
5 df H ?ff
. ngw :d§ amil. v.f

XS‘:O — J:ECOV\S%:

Note:  Vect(M) = Lie Digcf(M) Lie alﬁ.
Ul

\/euf').' ( M , (/\)> — 1. e Dl)q: (M , (/J> Symp\, v.f.

je. X st #HHxw=0

A Ly = dxewd + ZXM
IxsW=a§

— fw=ddf>) =0

2. o — ﬂ? — COO(M>———>\/QC‘):(M,(A)) — > HM,R)—0
53 — Xf CXQC):.

X — [ 7xW]
C\aimf Exac)[ seq. og Lie a)g.
ie. [ch , Xa:] - X{y,g}
Lohere ff‘j}: X;(S}) e C°(M)

(DJC of claim: Tix.xg 0 F d(%(9)

LHS = Za&;(Xg) WT)%)@ (ngw> —‘—'d(ixg 9 )
v 43 %)



(COO(M), { }> L{e alg.
1.9 = Xp(9) == Xa(£) =- (X, %)

(7 da(Xg) =(2g ) (Xgd= COXe. Xs) )
).e(\omz vule : {§ , 3'%}:{30,9}'% T9- {JC%}
(Pf: [£ ohr=dgh(%)=(hdg+g ow,)<><§>>

1'.@.< COO<M> ) /\ ) { T}> /Poisson a\qeloﬂa.

Commutative  Lie alg
Q. 5SOC. 0\3.

Dejﬁorma)ﬂ'on guam)c\'za{{om f
_% X, assoc PnochjclL on C (MIHI

st k9 =f-9+4{f.97 +OU".



0 Comp,ejcely Iﬂ)cegmb)e Syg{em
Sympl. (M, w) — R
Noethen theorem.
(§.H} = o
St J[ {s const, a}ong XH"JC)O(A)

(f.Q. f is o Consenvation law).

_—

’Pf: Pt : P{XM—%M :St]ow gen. loy Xn.

F(§-p) = X (P = PE(Xnl)
L {§.H}=o
TW to U(fr‘d as many Conserved _Ciuavrhjcies as Poss'IUe:

(H-‘—)Jcn , fz, ,Jck: M — R
ORI Yo

(2) iwolep_ (W >(f5’$ Gre fz MTPM,\/PEM>

(1) + Q) = Spam(XDCS(P)'S) < TPM
iso"tYoPic o:F dim k
= L <n

’Besj[ Scenenio # Cons. |aw‘—‘ " :E)ZdimM
M= g M — R

Lagrangian  bundle / Completely Integ Syctem



Xf. s ><_5.h : verjc(ca\ Vec{’or f{eus " 7 p) o
wret. M-SR ( .
1e. /‘@e (Xf3> =0 Yoo J/M R"

P

< Xo(£) = 1§, 6] =0 )

= §2 1S Consjt_ a\ona XS.‘JHOW = fl* (X{J -0

rdimn

~—> On /’(,(P) ,dn vector :fielo]s {st }::3
i /Q(V\eaﬂly imo‘ep. OL% €\/€fl>/ Pomjt mn /V‘-I(P>
’ Comynujtivxﬁ

E'o):em‘os> Caﬂ injteﬁvajte 'LO Cje% O&{MQ COOYC{. ,

Thyn.
Qasguvn e Covnp\e{e)
v.§

/M—‘(P) _ —_[/RT _ [Rrvkx _’_.k

If popoper = (P =T (offine mdd)
Ca”ed angle Cooral(ma{'es,

FaCJC1 3 Coora}. on fR“ st. O = (Asd
CQneo\ acjcion Cooralivla%es.

(83 Simp]e Penc]ulum (see Pp.112) )

FOCJC‘ K- J”ow = linean JCIOL«) on
My = R/



§ HamiHoman mechan ¢S

Newotons ‘Qnd law: F = MOA  here @ = L e R

Assume CUT/Q Uf) = ﬁ’f =0 e Conse/l\/a%ive
= E - -V JV: R'—R po{'enjcia\

b =
E York Wab) = |, F - dx
wen—defd (i.e. indep of Pa‘H« a/\y’/b

_.—\

= H = 3 mIVIT 4+ V(0 is consevved
dH

1.0.

ll

Consenva'h'on Law.

Eg. Gravi{y ; \/(’X):L

1%l .

Aim o w\deﬂsjtamd Concenvation Law
Gven  3t) € R’ Confiqunckion space
~— (91, (ﬂ)éT “IR* Phase space

mfj,‘i Css = Z.dg - dp,
H=am P+ Vi TR — [R

_ 2H ; __oH
& dt — eop; , dt = 99 Hamilton egjc.

& (q), p(d) GT*{R?’ iwlegml curve OJC XH



§ Laamﬂgian méci'\amcs.

6.3 n Panjcfc)es w/  conchaints
v(t) € X R*"

(‘,oV\S o.m f

su\omfd n panjcic]e.s

b
ALY = [Z | AR \/(vm)]
Action
V(1) , LV
ALX=R . ’
,;f: TX—_”R Lagmngian
Grijc(ca Pomjt oﬁ A
o0f _ d o2&

= o =1 50 alonj Y(t) (Eulen-Lagr Eqt.)

When X = S (qe. 7 constraint )
ELeiJ(. — mao =F =-VV

When V = 0

=z v TX— R
=z Gy ViV

e AW = |4t gt

Eleqt & Geodesic eqt.

At e At dY
7 e g o <O

|k
where To=%9 (Frgi+ s - 9x)



% Legendr e Jtmn saporm.

)_agf. ‘mecl’\am’cs Hami). mec)mnics
L TX— R HTX—R
_d 9% dq _ 9H p 2H  Hamilton
v>E] egt. %“E’a—\r a]ovg\) a1t ~2p %T:__fa? ez‘t.
*
v aeM, T X > Ty X ot
v ;= S

( Zlux shrictly convex = 1-1)
Lg v TX=R ¢ Hap=p-v -Z@,v)
Geomejcfic exp)anajcion. V=T.X
TV =V V=TV

Q)T*V (" ])'(”‘)’Y*V*
f— Same Logvawﬁian SMLYYEFJS,
Graph(dH) Ul
) 4:V—R N
~ Gmp\«(di>§_ﬁ\/ Grephld?)
| 1
Graph (dH)qu,T*\/ N 4R

Claim: (1) \/"Gmp%a\/g( s U p=2%

@ H(p)= pv - LW



(/\.)T*\/ = z dP) A JUS
dO(-r"\z
O{T’V =2 P; dv?
— Oléf on Gmp\'\
oy + oy =

=> 72+ H =

rﬁ{ Gmplf\(di):{Pj:%} = (N

_ - WT*‘\/*

—_—

d ol v *

olr*v* = 2 v dp;
= dH on Gmpk
d (z PsV°)

7D Vi on G\del’\ =>(2)
(up Yo const.)

Claim: Umler Lecjevwclve Jt1r61V\53C_,

o _d A di_9H dp_ oM
24  dt ov dt ~ op - dt~ 29
along (V=0 ¥@ETX  along (9.p) € TX
(f.e.\/*—'g—,g—)
Pl Hea p= p-v - Lig.v
2H U oL 2V
IR T -
_ dg 2L\ 2V
= +(p- ) o
_ o2& 2H - d8
So. P=5v & op  dt
2H . 2H 2P _ 2P .. _ 2%
2q+”ap 29 2 v 29
44 _
—OT'E——V
= oH _ oL
24 — 24
.2 of _dp _ d (&
L S %lfi\— U2 Lt _dt(9v)




g Lecjevxalre Jcraymtorm, revisited
F : \,\w/v—% R SJCricHy Convex

= [R"
\Ry \J N]  GraphP)
—\ —> \<

3 ey itical pom)c of F

& 3 local minimal

> 3! caitical pt (a global min.)

= F pnopen (P—% i\ = F(p)—= R |
Cal F Stable.

Given F ~—> )_egenolre %mns&

lr =V —> v’
X +—— dF O

F st convex = LF’ \Y; *’Nﬁ Imaae(LF)Q\/%
d|ffeo. \/*

Thm (1) [ € \/:
& ko= F-A1:V—R sible

(Q) LF(XD):X & X {s cnit. P'} Og F}



Defire  F° Vo — R
F(0) = - o=
1.0. F%(ﬂ) ﬁ (7(0) — F(’Xo) w/ dF(Xo) — /Q

* X
Ex. Ve =\ convex.

Cq N=1.F comex & F' 7
= pr—F®E diffeo. on image

F\_| / \\

F(x) = % Fix)= € C+f 0
F’: 2AX F—“e/ (+ 4

= //
R =5 R F'R=5(o0.0) (-c0,4)

,Q S 0 /Q £ 0O
chable 'no‘]: S%a)a}e



- F (0 (2) guaolchic growH\ at oo
— Im L}: — \/*

F(’X): Z c: eole(x) W i€ \/*
4
¥ ¢ >0 (= F convex) i A,/////

= ImLlr = (one (o, dy>

Foo = Joa( ¥ ¢ )
’ -

= Im L}: = (pnvex HuM( oly, -,

' Recan R LF =1, :V—V
F'=F - V—R
In pan{iculan, Vpe\/) Vﬂe\/j

F) = - Fo) 2 = F(p
(F(p) - ALp))

e F(p) + FLO) » A

l
23 F({X):-;—SIX]P w P>l (= convex)
LN *
—>F(7>:—é‘\\/)& w o~ 44—

P "9
g Tl P Xy w1yl Y
(. Yy=FOO=xX  FM=YX-F&)=Y-y" *%7"" :‘Y{)

——> VYo.b>o , = + < 7 ab (>/Oumﬂ iwegjt)

P



§ Mowment Maps

M, w)
= G 5 Di”(M,(/\)) = Sywxp(M)

De§= HamiHomom QCJL'{oV\ iJF = /v(#

L C™(M) § {§,9% =X5(9
(lieho%. //:(// l I J/
— — M, X [.)
‘) de \/ei)[( ) zx,s.cj=d5
HL(M)M

eq G:Si, q:P<X:%>
o= Ayl = d (Zx oo)+ zx@d>
HOmil. — wai‘-d/,{ H/A:M_’)IR

())e\'n9 Lie \/\ovho. 1S au{'omajtfc>.
& (d+ Zx)(G\)*/A): O
& (dt ) e =

/M# f U} —_— Cw(M) Lie a\3 homo.
N M M— G -eguivan.

MO 0 = peo (X) e R

(wlf\ere G /\\IO:S* Vi Coaolj. action).



Ca. ( Angulon momentum ).
) J —~
O(g ) — /'\u{ ( ﬂzz , < >S’co\> [R3 votation.

4 veflection.
This is the (o adjoint vepr. (R 22> R™)
ie. o(3),1,]¢ > R, x
W V]
(g N ‘;) (a,b.c)
-b o .

CAUu,vY + <u, Avy = o
A+ A" =0, 1. A skew symme{’ric

S
(co-) adjoint orbits ‘h

lo}, SmeR Xy

-

( d] ([ <udvy=<cuvy)

o (3)/\/_?*”23 RY
7 n?g o

o - (X, Y)=(axX,axY)

(F) moment map 15 p (X, )= XY,

/\/Gmely, 'H’\E 'V)’IOVY\eV\‘{ mMap JCOY' Y‘O'E&‘{ZI'OV\ 15

quu\afl 'V)’IOYYIE’VI'l'uVH,

Simi)o«nly, the momernt MAp for {rams\ajtion (5

\ineaﬂ- V)’lomm-}u\m,/’tvmla{(on (X / \{) — \( .



§ Coacljomjt orbi%

YR
G G Conjuga‘l?e
g 0—9-a-g'

e — geg"ze

,Qmeanize a)c @~

Y
Gl TeG =9 aoljoim{ acjrz'om

e Ad: G — GL(o) <=>M:O]—903Q(03)
L, ]

= Aolx‘ G— GL (a7) Coady. action
CAL @I, XD =<5, Ad(gH XD
Coads. orbit @ =G5 < UJ*
Qai_m: 1’ < OS , C\):S) Symp\ecjrfc
QO HamiHonian G oY O{) C—/u—% UJ*
mOmen{ map = 'Vlanura\ inclusion-

30 HomiHonian G\QM JDmmsilcivc-z = M= Os

53. U = Aut (C", < >aq)

u(ﬂ}:{Af A+AT:0}

:’L{B B—E-T:O}:I)—',ermm
1.e )—lmmijc(an Symme‘[\'.':

()ULS% Y\eg]ec{ i)

winm = u’”  wia e product Tr XY (- cpt)



(oads action (M) /\/U(VU* ~ Henmy,

A -5 = ASA
Os = OTL < Spec(3) = Spec(M)

1.2 Same eicjem\/o\ues.

Cor : U(ﬂ)* - Hefnmy, = {cll'agona]} = ');*

= OS N JC* Uhique wUp to

Pef\mu%ma engemvalueS lay Sn
(,«)e\/l ﬂP>

Sympl. form (J  on Dj - L((?’lfe

o (M(X.Y) =+ Te(Ix. Y1 7)
Wate » = Spec(5) & [R" /S,
= (o, N, oo ;)
A= 1= = (O, = {pt}
(L2, 3eh=>
Q:” tigenvs Km(g 1) é Ken($-21)

olecomp.

| [

olvv\‘l dim (n=1)
’\ n-1 uin)
1L O = CP U1 Uin-1)
— N N2 _ U
n= (M) Oh = G vomoms -

2Ni=n Panjcio.l jflae? \/qm'e{y.



GT@ (‘F .n) (’omplex Gmsgmamw‘am
S1]

M * _
O?\ ( ]Y QY\-Y) C 7 U (Tl> - )_1mmn

—

Exp\{cij[ly,

QV: P \< q:V\ |

|
r Choose on basis of P \)/\,/r

| BYWA B
—( Vi, oM [ VL 5 Vn
:> SP"<) ,)<) ,> EHeﬂVVIn

(indep of choice of w's sk AA'=T for Ac Ur))

——

RemanL-' Coachoch orl;ijfs
for  SL2.R)

&n_: G m(oiwﬁc—b Q]*

Oj)* |nas na)rumal rPofssor\ SJrrch(ure

Pecan" M /Poisson Ym[\af
& (€M), =, 1 1) Poisson alg

Leibniz (15.9hY=1f.93 h +9{f.h})
= {{,9} = T (d§.d9) I Tel(ATw)



€9 Symp). = Poisson
(Lo = 0 via T*é——A; T

3 notural T € P(Cj]* /\QTUJO

3
M) € ATgs = AT
e TS : Nop — R
TEHOXAY) = 5(Ix, YD)

<ﬂamely, [ 1 0).0]— 0]
~—> (y)* N /\on* — T
Ex: ( 0]* T ) Poisson mid,
(12 Jacobi id for 15,9} =M (df+d9) V)

Tndeed C*(ey) o {Po\\/.} = S.(({\*)* = S'oy
> { Jinean§ = ()" = ]
{ Jon Cw(ﬂ*> resteicts o {lmean] is just
[ 1 Noy=—0] ,the Lie bnacket.

I has o natunal et o {poly )

{ 1 N (So)— 0.



AN e of
T+ o T
o] o]
Claim: Ken (2 TTI08)) = {X €0y | adk (=0} co]

RevmanL: Y (MT” T)oissw\ ymCo\
Wi ¥ s5eM, AT TS M = M som
Hf\ew (M , W) gymp\ecjﬁ'c (os before)

(2) Say dim ( Ken (23T($)) const. (indep. of 3 )
then  Im (ST(9) < T M inteq. distribution,

and eacL\ €O§ 1S SyVV\)v\eanc

(3) In genenal,
M = u(Symp\. leaves og c)iffenemjc dim.>

gﬁ, T =0 = each pt is a sympl lea

E.(O(B)N[R TT) = Symp) leaves are
2- sphenes S or oY igin {o}

5{ of Claim: X € Ken (5T()

&NYEO, o= MENX.Y)ES(IXY])
= S (adx(Y)) == od%(3) (Y)

= adg(s)=o0

—

te. ] won—olefje_w. a\owg coady. ovbit Og,



Claim = On O‘S - O]*
TT(S)

Ts O‘S —EO’S

-\(A)(S)

LD & QQ(O~5> ﬂon-deﬁer\.

Indeed, ¥ X, Y e 50 <
At Okhy VZ—_- Acl%(§> EOS

™ Ao, Aden e TOs
AdgX 6\)(7)( ——— — __>

= WX, Y) = S(IX. YD)
( TT is G-inv.>

Want Oy = of

=G 0s T

e ¥ Xe€Oo] wa%—-d@x
whene ) Coj*f_’i; R

_P-JC—: P ( Ad* 1) = <Ad§(ﬁ), X2,
d®x ($)(Y) = dt =0 P (Ao\;\'(f» ¥Yea]

= < adg(5), XY ==<%, ady (X))
}_ - _2)((/&)(\() [Y;Xl




/ TT : G-inv.
= Ay =0 on Ok ¥ X 0]

Iy d o + o{/Zyd: O
(o IxO=-dPx)

= ZX 0|(/O = 0 Y X € 7]
\@ dw =0 ( GAO:S’ ImesiJcive>_
1o ( O*S : (/\)> Symplec-lic /

and G/\IO‘S ¢-> O]*

(FOCJV G compact = T (0Ds)= o->

Y
Cowve\rsely, i]( Jframsijo've G <M / (A)) _ﬁ% O]*
(G-eguivu)

— J[\ronflgijfi\/e G m/‘*(M) — O—]*
— /"(M):Os and CJM:/“*(A)Oﬂ

wﬂo}'\-o‘ey M
é M g O“S u.vwavmif coven,
(O =0




Theorem GA(M)C\))
(1) H'(9)=0 = 4 unique (i exsts)
(2) H'p =Riep=0o = I u

RemanL (i) Htpzo < lo.0)l=0]
i) G Compa& = R = HR(&).
(i) G Compo«c‘} Simp\e — Hl((ﬂ) = Hz((ﬂ) =0

(eg. G = SUM) , SO(N)

PJC o](‘ unigueness (1)
06— R — (M) -2 Veck(M o) — HiM)—o

e o
s ]

/”(n ,/'42 2 moment maps
= d(M) = dp = d(T)

J
“



Lie algelona cO]nomology.
[ 10 N — 1]
o S o) = Alof
— 5§ N — N
(S o, o Xe) = 2 (- 1) e (DX X1 Yo Mo X5 X0)
SE=0 (& Jacohi idedity)

K _ Kend

No*

In )anjcfcu)an, H'(o)) = O = [6].0)) = 0]

,P{ o} () in thm. 130‘(’

b — MR — M) 25 Vect(M, ) —s H'(M) —> o
Y.Z

Gl(C\)(Y, Z)):d (ZYZZC\)) up ‘Eo signs =0
= Ay (2z00) + 7y (d2200) 4977

— Zi\(z O _)_ Zz (M Lyw=0

= vz W
= [Y,Z2]= Xuwz € Im(CIMI™ Vect(M,W)
6] =10),9] = ]m(df') < I (M) Vect(M,W)
= 3 linean lift T o) — M) of dp

wanj( T+b Lie a\g homo. 3 biCﬂ—B‘ﬂz Le. EG‘{]*.



Cen*ra\
IY\ 3eneva\ Y -9[]2 — 04—, — 9 sxtension

l_‘c G TF )_l'e

g
Claim: H(op=0 = 3Fbec | T+b Lie homo.

PE of clam. Define ¢ iy — R

c(X, )2 T([X.Y) = [T, T
XY ER v ThR e+ P Lie homo
- ¢=0 = T Lie homo assumption
-]acOki id = Sc = O,f.e,[c]el—\?(q)io
= C=§b 1 b:og—IR

= T+H+b 9 -—=0) Lie homo.

~—

Y

M
Q' (M == (M)

avmacje
J(La) dg «— ¢
G Tleﬂ translation.

COW\Pa& Con r\ecjfecl G

Hie(M)

— H( M) d) = )“( M), d) (Ex)

G ¢M Cplc. conn. % Hanmonic ]Fovms are G-inu.

HalG) = HQW6)™, d) (G ept)
N o)

= H (o))



Ha(G) = HQ(G)E"C, d) =(N o)™
Reason: d= 0 on (N0 )de
(gy=g'> (N gD

Z*lo] :"1 = 2* ]/\ko}x — ('1)k

Z*d:dz* /Jd:-—d = d=o

—~———

Remank: G Compacjc G —>EG — BG

S'fec{'r ql sy *




§ Symp]ec‘%ic guo)cienjcs.
G (M, w)
M/G Not Symp\. , need M//G

(= even dim).

g3 QX 2 G7T(TX, Wean= dodean)
Shouu
At least, TX /G = T (X/G)

In facjc G preserves Awan= P dgq

=¥ Xeo) o= Lxod = lydd +dud
W = M

X
1.0, /M TX — ij momernt map

Ma@p (X)= Ixd @, p)
IY\ our case, T“X p
I ol = Ix(pdq) \L
=p ><m<q>. e[R

= /u"(m:-_{(q,p)\ p(X(w)=0 vXea]

‘e o——)/A—’(O) — TIX — (_FGX)*—eO

X €XOLC‘IZ Sei. O)( Vec%or LUY\G‘:]QQ.
= ML = TvE) =TXIE"



G7Y(M, w) L= o

. /\/\1‘5 G-EQu(vw\ — GA/IICO) = M

Clgimi ) )/u"(o) can be c{egcem(eal JCo /A-‘(O)/ G.

r—RQCOH: F—P s B ;])en Eumne.
How 1o chanactenize () (B) CJLQ(PW
e O(P)
(e can be Olescewded ‘Lo B
&V XeTP . dxp=0=1i?

veason: (P = Ce(j/,---, b db, -~ %{
(- fx?:o) ( I = 0)

v X €0, dxw =0 (G PﬂfserveC\)>
Ix = dM* =0 on ﬁ'(o)
= CO\ oy =TT (red on /u"(o) c M

L
3 Coved oON ‘/"‘-‘(O)/G

o red = O (- dw=0)

CUved ﬂom~ale3enenajte (prove lajcer).

M//G: /‘*g’(m/g is called Symp\ecjt\'c @uOJCie}’lJE.

(Pt GT7H0) free > MIG manifold )



co c/s = CPF
C" 00 = dtendvo + -t dten d¥n

_ ‘;_1'( dZo»d?D')' -+ dthA d—z-y.)

S\ N (@v\-u) w)w/ Gw(Zoam,Zn):(eiQZa,-w,eiQZn)

g preserves W e e® =1
leS =R<Eg>  hw=7 d(Z1zr - C)
X

( Z%(rdrale) = Fdr? )
= pM=z(1zI"-1)
— /\A_I(O> — SQY\H
= /S = po/s' = CP

C’a[m: Clerr = 90 | Z )
— (A)@[P”‘ = 22 fog)Z]Q

SOK)/ Cocp* = oF) focj ( 1z 1220 4 \Za\’)
= 99 dog 12 + 22 log (H)g]’éf

2(3k%) - TI%2.)

(Wl = 29 Log (14 1w + 1wil)

L__fﬂl’)omog. COOVd. W, = Z'/Zo , Wa= Z2/Zo

21




Remark:H € G o hesojms o =¥

*

k
L
7Y (M, W) —— o
J

H W
1f 1—aH—<’—>G——»K—>1)H\en
m KT MIH L

(2) (M/Z7H)Y/K = M//G

cg TV =1s ™ " ——1 =R
{G\N i0:
(6190),3:1. (25)5/\:/1 - (6 5 Z5>/::,
pl@E)=(a0- o)

Suua{'{'ice

Csublorus T €T 27" ~A <2Z27)
~— Tﬂm (E’V//T""“ = XA ‘[Oric Vom'e'ty.

gﬁ. U Hom(C", C") AN y_l(lm*
/\/{ (Avm) _ AA* [ Heam. matvices |
Hom(C", C") // V() = Grg (r.1)

Resto‘uo] acjtion, U(Y]\)NG\@(Y/Y\)C—/—UM% _U_((V‘)*
coadjoint orbit



OJ —— /vf'm/Q: MG

Claim: o= (G0 T,M 2% {seqf'<3,0,5=0} o

S'l'a\: l izen

Cor: IS Gm/‘fl(m Lree
= 0O)x=0 = Ol/u(?() onto O'fe V’Xe/\""(o)

= 0 € 03* ﬂejular value of//*
= Sukmam'fo)o) /U_'(O) < M

Also _IZ(/I'“” Ker(o{ (°<>)

= T« (G-
Linearize: G« X C/U (0 < (M,W>
> I = C < (V, w)
I“= ¢

L

/\/amely , C = 1 ~ is CoiSOJL'YOpiC

CR ] = C_Lw {s l'So’EYoPiC
: (A)(I / C) —0 = (U descends 1o C/IM ved
. (C/I , (A)xeal) Symp\. (1‘.e.CJxed ﬂom-alegeneﬁa:ke>

7,60 = 0O on C/I
D wv.C) =0 > vel =1 v=o0el/]

~—> Lmecm Symplec%(c ‘reolch(onl.

COV- (M/G wY@%on-dag. — SYW‘PI-



ol Juoo 3
°)

,Pj: Og Claim; —FXM
[ veason: d/b(% = 1w ]

\ & Ker ( d/u('X))

& V¥V Xeo)y, O{/um(u)()():o
<z V"
W (V) = LoV, X) at X

Lo

&= v e T(6 )

$ e Iml d/-‘(%)) - O]
& 4 = dueov) Jue M
& 3 = dpeo (DX \/XGC’J
— v, X) ¥ e \/eac(Mw)

=0 N ()= o
ie. X € Oy stabilizer

= Im (dpme0) ?{geq*:q,qp:o}

diW\. COUVI‘]f = = . QED

A variant GV (M, w) L o)
Y coad; orbit Oj < 0]* , (eq, Og = {o})

GO0 ¢ Geim)
Simlody — MAG = M(OY/G  sympl



AH@maJﬁ\/ely, Gm(Mw> I G)*
( Combine w/ G /\(O&C‘JQC—_—é O_f )

> C7V(Mr Oy, w-wy) = o]
(X, ) + ﬁx/um—vl

- M(0s) = po
= MO /G = jilo)/G

= M@G)/G = MAG
) _8)/6 stabilizen

veason: bundle: f*"(ﬂ QA

) |
09 G

l l
O‘S = G/G'S

|

IY\ qenenal (MC/\)) — C CoisoJ(YoPic (ecj/f(O))

L
=>vxel, (M0~ € T
( ( T"C/ (—EC)lw, COvedon ) Sympl. Vs, )

N“*(Bo‘kropk) C{isjcr\'\aujtl'orl on C

dw =0 = injce(jm)a]e (1.9.]Co)iaJC(OV\>.

P XY €T (C,(TC)™),re. co(x,T)=0=w(,TC)
X YE M(—»—),1e. CO(IXN1TO) + ©

o= (XY, Te) = W (IXY1, Te) & co[XAE Y ) 1Ly ACLX)
£ Te(DBN) £ X (W Te) 2 (030

= (C/N , wred) S}’W\P\. QE’CJUC%fOY\ (;;"smo&%”).




8 Existence of moments maps
G M) 3 e

Recall: H'top= Hep=0 = 3! u

How about condition on M7

Prop: [col=c(l) € HHIM, 2)
L
A
Cp)c. G M j’) /M

T
PJC G Cp‘t. . G-1nv. comn. Da on (LH
st W = Fa

;

g’
\’
ﬁ P é\—umi{ QPkere }ancUe 05: (L,"\)
l

/‘N
G

1)

M (om=> o E Ql(P)Q
(7”5&,@1;:5‘ - d@

¥ X €07 curv. T Fa = dd
Mm—> A(X) - P — [R , S\‘inv.
descends A(X) + M — IR ,

ﬂx

—_—

Eg. Co = dd  exact sympl. mfd
~ L = MXC



Theorem (Frenke)) S' o (M0, )

CompacJ[ Vd“m
B gix POMJE = 3 M
(i.e- M81¢ ¢)
Proof = Use 2 facjcs :
TEU Mm CP{ K'al\\en,

W _
:> Hw Ac: ; H:mu

150mM

L (Speciol case og wa{ ]_eJ(Sc)leJ:z ‘H\eorem>

7% (M, 9) CpJC Riemannian
Lxq =0, Ap=0 w Pell(M

= (P(X) = (onst,
(Prove loder).

——

d (1xw) =0 (v fxewo=0)
M & [nw) to € HM
&L [ wla ] o € HI(M)

PD mlee ]
VAR 4 ) v(ete(M)
Hodge XM(ZXO\))’\(F %O A =0

= - S Ix(@) wW"

(I

©(X)
const . (by (2))

|—-—V_—J

0 (- M£¢) QED.




To Pnove (9\) y yirs‘): Yecan Riemomnia GeomeJCry.-
( M ) ?] — 81‘)(’X)d9(t @d')é) CP‘E
.:_]\ Levi—avijta co}’\necjcion V' on Tm,
V=d+ [Nk 26 d¥ edx"

v 1L 1099, |, P9k _ 9%k
w/ Fo-k*:z 9 ( 2xx T ox ax%)

(:mva%ure V2 — PVV\ — R; k0
IAJri‘l.'Q Ri31<ﬂ = %ip Pj\dz — szij
( Rt;klz + Rigey, t Rugge =0 >
R\’CC( Cunvajcure Pij — Rf‘?-jp - Rjt
Pm:V2¢:> YV X = Xla_gx‘ , X{,kg‘X{Jk:XSR;u
&N ©=Cdx , @Yo~ =-% R e
Lemma: (i) fxﬂ =0 =>VVX =Rc(X) €I'(Tn)
i AP =0 =V Ve=-Re(p) QM)

COY“Z RC (0 = ﬂ K\'ng vec%orj(feu,
ie. Aut (M, Cj) discrete.

RC >0 :> 29 )’\anmom‘c 1—3form,
1.0, H‘(M ”2> =0

P]C og Gr: IVUX,X> = SWX)2 > 0
= (<R X> <=fIXI" <o

= X =0 qe X
LS\'m{[aﬂ JCOY" 2 RED.

O




PJC of lemma: (i o{xﬂ = (%xg (9 d¥ © dx*)

= X" i * Gk dX(x)) ) dx G dx dX0) ¢ dd=d2)
X X
Xj,i dy’ X, cb(

(X + X o) dx' e dx

In normal coord.

q= S+ 00x)

¥

V'V X

; by above
) QDo
>< 11 - ixﬁ o) ><

')

(X g+ R XY)
s RO
(- X5+ X ,i=0)
M AP = (d'd +dd") ¢
= d(C; - ) +d(E5)
S T G M <2

—

VVe - %Ry
= vV'Ve + Re(e)

P of [4q=0, p=0e P G(X)= tonck.]

M) = (0 X s = CosX +2 8, X540 X
CRIG X' o (REXY)
— Q (p{ls Xi»j concel.
= 0 (- (&‘,5: . ; Xia,'—_-—Xs,c)
M cpt

mf e (X) = const. QED.




Tl’\eorem (Mc:Du3C§:> 31 /\/<Mq)w> cp{.
ijfx Pom)c — 3/1/‘

Need some qeneﬂa] focts:

(1) cpt. G 7 7 (M,
> G7Y(M,w.9.])

4 G-mv. Compa'l'. 9 4 J

(Note: T s only an alm. cpx st )
ie. 3 G -inv. almosjc )@imm SJUMCJCW'&
_I?GO\SOVL-' Aveﬂagfmg m— (3 -1nv. 80
define A€ End (Tm) by Co(u.AV) = gl u.v),
= A s non-sing , Skew-symm., G -inwv.
= B =-A >0, G-inv
g(u,wégo(u, B* v)=wu, ﬁ_y@j V)

3
| T'=-id (vR=-A"

]_Y\ g&d‘_, g/ = { Compa{iHe j} 18 conjcvac)cible.
(iYVLPOYJCGV\'\E 'For COY\S’lZTuCJ(l'Y\ﬂ SYVY\Pl.fVl\I., €9, G\/\/“ I'VIV)

EOSOY’!: g — F(M y r}%énm)\{a)YﬂPd{-jﬂﬂjvjw@

~ $pan,R) /U
where Splan, R)— F — M conbrackible.

1S Pn(ncipal $ymp)ecjc\'c jfvame \ouvd)e.
Yecani §mvne on (V,w) 15 (\/, W) __>(IRM,CA)$M>,




(2) G Y(M, e, 8.T) dm Kihlen.
= MY S M i T -holo submid.

(= MY =M i sympl submid, )

= Mem  Cpx. VB/M®  Gobdl
(eason: [X.TY1= Zx O =Y + T =TIXY] )

« W(V,Iv)=9(3v.Jv) >0
So  cpx. subsp. = sympl. subsp.

(3 G7T(M w)
= Gm(Mw’/GQ) 3 sympl. O\)’c/‘o\siw

<reason: [W] € HQ(M,IR)G = HQ(M,Q)G %) R >
A{J(Pﬂ Scal{ng, G m(M, OOI//Z ) :

4) [M,S'] = H(M,Z)
§ e— [§ue)]
(feasowf 81 = K(Z , 1) )

(5) STV (M, w/Z)
>3 i M— R/Z
st Iy o :“d/a (X:%)
(veason: [ Ix w] € H'(M,Z)=[M.S'])



| emma: S’ A(M,w/Z>
B M = codim M5 74
P 4 M — R/Z
peCht(p) = M5 G-dpi=xw)

loc. ynin. /vnax

3 M/~L =3 M (*)

(Bxercise)

SO Coolim Crit (/M) = index P+ coindex p
7 2+t 2 =% g
(N cpx G-bdl. = (o) index €22 )

~Phool of  McDuff Jcheorem/i\
S TY(MY wiz) LS R/Z

lemma s’ ) }
j_-'] /u _— 0 € M ol;scre-le se
1/\162

S'- Dowboux
— ,roa“y: S P-9 =1
(for w,NOT J) 0 . -ig0
eV (2.Z) =(ez, , €7 %,)

\——«—\)\_————V_\/

A P ]Z IQ q- lz )2 Coinclex 2 index 2
M= pIEL - gz

/C«"(t) Seifert Jibnation i t#0
/&"(t)/s’ ¢— orbifold

) -t
Q> IX( /“ ):/X</:u(t)/)3) Jor t >0 (%)

Y (t)/s

but 0 € R/Z
9(‘);:-1- :Xt = A)(+)

—_——

— MS‘ = ¢ QED,



3 M/t v M/G

G] hl quoltienjc Vs S\/mplecjﬂ'c quo)cien):
(Geometric Invariant Theory )
eq ([:2/ C = (EQ //S1 = CP
(Eo. <o /@x 33/ 81

(5 o (M, c0,]) Kghler
1.€. G acj(s 107 l’lOIOYYlOYPl'\iC z'someJCY[es ('"(»Jﬂ:;’S)

:_;7 (l') Can assume G\ Compacf
- At (M, 9 ) Compacf )

eq Aut (CP", ﬂps) = HDU (n+ 1)
Aut (CP", J) = PGL(n+1. C)

= Complexzf\'ca%con
o§ PLMN+1).

i G V(M. T)
() injregrable ).

p

p

GETTMLT) vs GTT(Mw) Sy
U Y

o 45 M o) 425 LM

4 )3 ;,t *>Aw

"D e WM M5 9

0) — M



Setting: Assume GV (M, co/2..T) Kahler

-_> —o) ’ GC'V
/:Elw WL
G (M.w,T) Kahlen

A = (). X M
Fix any v E Lyv o ) defme
H: G¢/G — R

H(g) :jocjl@'v\h
(well def?, - G preserve h = () descand to /G ; (19v|# 0)

TG=6" =G+ 7% G

(9. X) — 9.7
Tn patiadan. 0] = GG

X — E;i)(
Write H(e™) = Hx(t) 'R — R
(VIQVY'C{y vestrict” of H 1o I»Poxame%m subgp fCG:)

Pﬂop (1) %E Git(H) & q - X 6/\,«(0)

(”) Hx — —2/\/( (f)

He(t) = 2 [dpaX) s >0

N =@ x.



G)Y“. G(E’X 0 /['(o> £ ¢
. 19 € G(E st /\A(3~ X) =0
<_—_> AVZ X & (Y) \ ij

Hx(’t) has Q unig_ue min.

& ¥ X € o) Olx \/F‘/Hx(t)

im Hy () >0 > 4

1t —>o00

S xeM s polyshoble

Cor. M7/G" = M(@/G

ie. every polyctable G™-orbit contains a
Unique G-orbit in /\['(O)‘

. M/G" = M/G

Eg. ﬁ)_ - (erx (E, 6{9-(( 25)520,W)'—'((€i925)510,e{QW)
!
, M=af)
ST w5 R

/\/\“'(O) — SQY\-H — q:
unit sphere

e > G 7 =1cF|cel’]
72 #0 = take|C| =75 ,then 7 € S

GC,'Z’ . S:zm—u _ G (D)



Pﬂoo? o§ Pﬂop, (= V]
Choose local  holo. drvilizat® L1y = UxC,

—

H’\CV\ 'me{'nc on )_l ~ )’\ U GL“]()E) ~iu(l) = )’R

W = O{ 0( w/ — }'1—191'\ (forge‘): 7 )
_—_;‘7/{,{)( = O((X) = X(ﬂoq h)

’ Y\d ., O v
HX (o) = o\t t=o focj , € VL, (;g ife ifio ce)
ht) | @7 v |
Cons)c mnt (S (I: Ly Yol:o.{'es)
- — >< (-Xogl'\> —/\/{ (?O \/(up‘l'o-l)

CHY() = -2 W w e ex
Along €7x , g e J(50

> Hy(®) =-2 J¥X (/m =-2 dp™ (TX)
—-2 wW(X,IX)

~~~

i = 2 9 (X ,><>:21’S’<P@ED




g Obsjcvucjcions JCO s)calai]i)cy.
P

Always assume 7Y (M o T) A off
cpt. cpt. Kahlen

fu)(ala z'nvafian)c. Given xeM , X e 0353 )

consider F(X) G(E—9 C

FOO(9) = < pg-2), Adg(X)>
) ¢

Pnop. F(X)(@9) = const = < M, X

Cor: FX) = <m0, X5 - 035—9@
= (i indep. of X € Ga:- orbit
(i T Lie alg.  homomorphism.
M F=o i G« n p0) # ¢
Pﬂop_ XoEGC'%CMW/OJOE;tOZD]g
— Gd:’% ﬁ/‘[l(O): ¢ (1e. unstable).

FPf IJC NOT, U\er\ I min. {or convex ][u. Hyx =
\f XeO}x o)

Loy 2o N

Pnop. c&
T QM) X g e
Sy N

VQN f]c Cl\oose X € 0j,, \ 0],
- Conjrrac‘(cjrion.




(GE %) a pilcor # ¢
j Ojf ﬂedU.C'{fVe.

Morve gen@‘lany, we have H’\e ‘?oUowmq sjcmcjcwe resuH:.

Theorem. % € Gt ( |/\/‘\2) extremal point
(P omitted). C C
Otd i MUK : O}y - o]x
eigenspace 1/\:,‘ = {Xe 032: : [W(X),X] :)X}
j 033(: — hc )@ h?\ .S»"I
(i) )f[o = recluc%fve Pan)c of 0],(6;,
(i7) [hm ) hm] < 1’17“7\:.
(iv) /AW) € Centen( tzo)‘

Cor. 1° /u(vo =0 = O](E nea\uc)cive
2" % extremal }:> M0 =0
LM, ho >a¢ = ©

30 X extfema\ ]} = 3 ”2 — O]i:
/\A(’X) #+ o

Lemma: V Iufeo =27 (dpe (ueo) €TM.
(pui0 e off =0 2B M LS TM)
P§ VI oo = 2 OO, Va0 2

ﬂ(Vl/\AlQ/QJ()TxM = Q\</u(o<), V~:[z~g(9<)>oj
2 ¢ (dp(pon, ) T
2943 (——) ¥) QED.
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EX ercise: Gn'ven s7w\p\ecjct'c vector- space (V,w>
and o Cow\pa{i})le J (m— 8 >

1.€. (\/ , W, ]/ CJ > :(Qﬂ wsi’c\,jc’c&, ﬂsu>
both A
U € SR L3 { eV Lagvng(m
w/ isotropy ap. O(n) < UM 4 {ED)} < SpanR)
=7={ Lagr }= U /o) = Splan, R)/{(EF))

How cbout 2 lagr Lo Lo =V 7

(1) 3 q € Sp(;m,ﬂl) s.{,(Lf,LQ:(ﬂL»,SLz)
& dim Lol = dimbLials

(2) 3 g € Un) st (L. L2)=(gL..9Ls)
& POL L )= P(OL., La)

Here P(L.,L3)= chan. poly )C AA
A= (h(v 'U) U:'s on. basis fof L,

e melic V;'s on basis for Ly
(3) Jon. bases st. Vv, = o' Us ¥ 5.
We have €77 s g5 vosks of PlLiL2)
In panjcfcu|an, Jee Py, eL)=L,
(ie. P(w)=Vv & @(Ju;)=7Tv; )

< L&Q)T. < > on{'i-lﬁolo. 'involu-hovt )
L=V" Gli=1 ¢ Gily =-1

(QQ — OL: ¢ CTLl




(4) i(n)uxmi(m ® , 1/w

(L, La) = (¥, .., e™)

is a homeo.

How about 3 lagr. L, La, Ly=V 7

(5) 39 € Splan.R) st 1 =al; vi=1a3
@ Same p\iMLIDLaﬂL% ,CLYV\)_){\Lk , C

n, Tk -
Tn packicdar, Splan )7 T
%&S ]Emijre ﬂum\Den O\)( OY']Di‘)ZS
quad. form

H€T€ = S\gwajtm”e( Q- Lel,e ]_3”% k)
Q (%, % %) = L0, %)+ (%K) + 0 (%, 1)

%oPmJﬁey Mo+ Ny t 1l € N+ 270
T=n-(—»—) (mod 2)
Tl ¢ n-(— > — ) +an
-TtH3n-(—r—)=2§/m
where §=Tr @(L.. L) + Tr OLo. L) + Tr O(Ls, L),
39 € U ot Ly =9L; ¥3=123
N=2

@ Same @(Ln, Lz>, q 9 : b vala
@ (L, L3) &




$ Contact Geometry
(Odd dim. ar\a)og oigt 87/mp]ec)cfc Cjeomejcry>.

eg ﬂ?l\o, LW=dx.dy = vdr.d6

SIX]R{ - d(l‘: 3‘:0‘9)
.

= ;f% W = W
Same for R w0 = SR,
Ex. Y™ Re = M™ 0w sympl.
Ao w0 =w & w=dEd)
4 e QLY

(D inon-deg. = | A (dod) #0
wwa + 0

@ef o( < Ql(\(;m“) Con{acl: JCoYm
ig A~ (dd )" F o (mom-Vamislnmg)

<:> Y~ Ry ) («):O[(gtow Sympk),

Danboux /Moser v €g. locany A =Zxdy; + dz.

D Keeb vector ]Cfelc} R e (Y. Ty)
lRdd = O 4+ Zrd =1



Ex. 3 COW\Pa)r. alm epX. s)cr./\(" TRt st j% 3 = 0

Y X IR - \(XIR i 3_%010‘ (%YaﬂS\a’lifDn INV.),
IH Y is a Reeb orbit.

Weinstein Cony. / Taubes Theorem
( Yg ) OZ > Cowlacjt
= 3 closed Reeb orbit.

Ex. Kﬂ" R = YQM\ <R s Lagramgian
& dd | =0 € QYK
Caned Leaemlrian submamfa(old.

(~ Reeb chord w 2 < Leﬁer\drams)
~ Leﬂevxolr(ar\ cf)vvkac)( lflovymlogy.

2N+
)

ey

I\/‘,——)o-——)\_@—%—r\{—) ii__>o

COvﬂ:};l't hyperplane bd

daldo) #0 & dollu non-degenenate
= TY = Kend © Ken(dd)

Locany, A is uniﬁuely detenmined B)/ H,

up ‘ko Scalmg l)): ’nonvams)m‘nﬁ :Fuwcjc(ons,
Sucl/\ H 15 def{vxeal a cOnJcach chruc%ure,

- o( %loba“y — TY /H :f1 'lef\/iOJ lfne lDC“/Y






